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I Abstract 

■ Let G be a countable abehan group. We construct a unital simple 

I projectionless C*-algebra A with a unique tracial state, that satisfies 

^ ' {KoiA),[lA]) = (Z, 1), Ki{A) ^ G, A(» Z ?^ A, a.nd that is obtained 

as the inductive limit C*-algebra of a sequence of dimension drop alge- 
, bras of a specific form. This construction is based on the construction of 

the Jiang-Su algebra. By this construction, we show a certain conjugacy 
result for aperiodic automorphisms of these projectionless C*-algebras. 
. We also show that an automorphism of this projectoinless C*-algebra has 

' a certain aperiodicity up to the weakly inner automorphisms in the tracial 

I I representation if and only if it has a kind of Rohlin property, which leads 

^ ■ to the Rohlin property after taking tensor product of certain C*-algebras 

' of real rank zero. 
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o ; 

O ■ 1 Introduction 

.5^ I In [S], Jiang and Su have concretely constructed the projectionless C*-algebra 

^ . Z whose it'o-group is (Z, Z_|_,l) and i^i-group is {0} which is now called the 

I Jiang-Su algebra and they have shown that any automorphism of the Jiang-Su 

. . . 1 algebra is approximately inner. For the classification program of finite C*- 

algebras started by G. A. Elliott , the Jiang-Su algebra behaves as Ooo in the 
classification theory for Kirchberg algebras. Then the Jiang-Su algebra was 
studied by many people (e.g., [1], [3], [H], [H], and [IS] ). 

In this paper elaborating Jiang-Su's method we give a unified way of con- 
structing unital projectionless C*-algebras with arbitrary ii'i-group. And, as 
an application of this construction, we can prove the following corollary as re- 
marked in Remark 15.31 



Corollary 1.1. Let A be the unital simple projectionless C* -algebra that is 
obtained in Theorem \3.2\ or \4-5[ and r the unique tracial state of A. Sup- 
pose that a and (3 are automorphisms of A which are aperiodic in the quotient 
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Aut{A) / Wlnn{A) , then for any e > there exists an approximately inner au- 
tomorphism a £ Aut(A) and 7 £ Wlnn(A) with W G U{tTt{A)") such that 
TT^ o 7 = Ad o tTt, \\W - III2 < e, and 

a = '-fO(Toj3o <j^^ . 

Here Wlnn(yl) is the subgroup of the automorphism group of A defined by 

Wlnn(A) = {a e Aut(A); tt^ o a = AdFoTr^, y £ L/(7r^(A)")}, 

and TTr is the GNS-representation associated with r. This coroUary is a straight- 
forward generahzation of Theorem 2.6 in [13j . The aperiodicity in the assump- 
tion of this corollary will be characterized by the following theorem. 

Theorem 1.2. Let A and r he as in the above corollary and a is an automor- 
phism of A. Then [a] G Aut(A)/ Wlnn(A) is aperiodic if and only if a satisfies 
the following condition that: for any fc £ N there exists a central sequence 
of positive elements in A (i.e., (/„)„ £ (^00)+/' such that 

fe-i 

{fn)n ■ a^{{fn)n) = 0, j = 1, 2, fc - 1, t{1a ~ ^ (fn)) ^ 0, 

j=o 

This theorem is motivated by a similar result for UHF-algebras by Kishimoto 
[7] . The condition expressed in terms of positive elements in this theorem, has 
given the result in [T3] that: when A is the Jiang-Su algebra, i? is a unital simple 
TAF-algebra satisfying a certain condition in [T3j , /3 is an automorphism of B, 
and a £ Aut(A) has the property in the above theorem, this condition implies 
that the automorphism a ® /3 of A _B is asymptotically unitarily equivalent to 
an automorphism with the Rohlin property. 

The building blocks of the unital simple projectionless C*-algebras con- 
structed in Theorem l3 . 2l or [175l will be dimension drop algebras on one-dimensional 
compact Hausdorff graphs with 'dimension drop' condition at each end point. 
Give a finitely generated abelian group G, the base space is uniquely determined 
as a one-point union of copies of torus T and copies of the interval [0, 27r] with 
£ [0, 2tt] the common point, where the number of copies of T corresponds to 
the rank of the free part of G and the number of copies of [0, 2tt] corresponds to 
the number of directly indecomposable summands of the torsion subgroup of G. 
Regulating matrix algebras on the end points 27r £ [0, 27r], we obtain a unital 
projectionless dimension drop algebra that has the finite cyclic groups as Ki- 
group. In [4], Elliott have already obtained the projectionless C*-algebra whose 
-fCo-group is (Z,Z+, 1) and these i^'i-group is a given countable abelian group, 
and many people have studied subhomogeneous C*-algebras on one dimensional 
compact Hausdorff spaces of similar type (see e.g. [5], [TO]) [H])- However the 
author could not find a type of unital projectionless dimension drop algebras 
suitable to prove Corollarv ll.il Recently, H. Lin showed the classification result 
of the inductive limit C* -algebras of dimension drop algebras of general type, 
ini. 
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The contents of this paper are as follows. In Section [51 for a given finitely 
generated abelian group G we construct a projectionless dimension drop algebra 
whose i^i-group is G. In Section [31 for a given countable abelian group G we 
construct a unital simple projectionless C*-algebra whose i^i-group is G that 
is the inductive limit C*-algebra of a sequence of dimension drop algebras. In 
Section m we show 2-stability of these projectionless C*-algebras, which is a 
key property in the classification theory according to [5] and [16] . In Section [5l 
we prove Corollary [TTT] and Theorem ll.2l In order to show this corollary we need 
to show a UHF-embcddability, and in order to show this UHF-embeddability we 
also need to consider another one-dimensional homogeneous C*-algebra which 
naturally contains the dimension drop algebra mentioned above. 

Concluding this section, we prepare some notations. When A is a C*-algebra, 
we denote by the set {a £ A : \\a\\ < 1}, Ag^ the set of self-adjoint elements 
of A, U (A) the unitary group of A, T{A) the tracial state space of A, A°° the 
quotient i°°{N, A)/co{A), and A^ the relative commutant A°°nA'. We use M„ 
to denote the C* -algebra of n x n matrices with complex entries and we denote 
by Tr„ the normalized trace on M„. In this paper we denote by pi the ith-prime 
number and (m, n) the greatest common divisor of m and n. On a metric space 
{X, d), we say that Y C X is e-dense in X if for y £Y there is a: G X such that 
d{x,y) < e. 



2 Dimension drop algebras 

First we shall prepare some symbols and define a dimension drop algebra for a 
finitely generated abelian group. For a given countable abelian group G we will 
express G as the inductive limit of an increasing sequence of finitely generated 
abelian group G„, n G N, and construct a unital simple projectionless G*- 
algebra whose ifi-group is G as the inductive limit C*-algebra of dimension 
drop algebras for Gm n £ N. Then we denote by Gn a finitely generated 
abelian group, by Gn,o the free part of Gn, and by Gn,i the torsion subgroup 

of G„. Set r|i"^ = rank(G„,o) e Z+. For i e N with p,\ |G„,i|, let G„,i be the 
subgroup of Gn generated by {g € G„; o{g) — p", n G N}, where o{g) means the 
order of g, and let rl"-* G N and d'fj eN, j ~ 1, 2, r|"'' be such that 

where Z^(„, = Z/dg-^Z, 4"^ e N and < Therefore we identify 

^(") 

Gn = G„,o © Gn,l = Z'^o"' © Z^<„, . 

P.I |G„,i| 3 = 1 
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We define canonical generators of G„ by 

3oj = (0 ® ■ • ■ ® ® Ij © © ■ • ■ © 0) © Og„,i, J = 1, 2, r^"\ 

= Og„.o © (0 © • ■ • © © 1,,, © © ■ • ■ © 0), J = 1, 2, rf \ 
For a finitely generated abelian group Gn, set 

= {(0,0),(0,l)}U{(z,j); zeNwithp.l |G„,i|, J = 1, 2, 

Let be a copy of the interval [0, 27r] for each G S**^"^ and denote by 



i. 



1,3 

^"■^ the identity map from [0, 27r] onto and let T-"'' be a copy of the torus 



T = {e'*;t e [0,27r]} for each j = 1,2, ...,r^"^ and denote by rj"'' the identity 
map from T onto Tj"'. Set z{t) = e** G T, t e R. We define a one-point union 
Xn by 

j=i Pil |G„.i| i=i 

identifying the base point of Xn with t,^"^(0), (i, j) £ S'*^"^ and Tj"''(z(0)), j = 
l,2,...,r("). Set c„ = rj")(^(0)) = 45(0) G X„ and ag = tg)(2^) e X„ for 

For a finitely generated abelian group G„ and relatively prime natural num- 
bers pq and pi such that c?|"' | Po ■ P i for a-ny (i, j) G S'^"^ with i > 1, we set 
t](i) = 1 - i for i = 0, 1 and z/) = for (/x, j/) e S^"^ with /i > 1 and 
and we define a C*-algebra A{Gn,Po,Pi) by 

A(G„,po,Pi) - {/ e G(X„) © M^- ; 7(4'})) e e[,"^(MpJ, i = 0, 1, 

e ihj) G with z > 1}, 

where d — pa ■ pi ( and d'f^j — p.- '"^ ) and eg"'' and e|"'* are unital embeddings 
from Mp. and Af^^^(„) onto Mj. It is not so hard to show that the G*-algebra 

A{Gn,PoiPi) is independent of choices of e-"'', G S*'"^. In this paper we say 
that A{Gn,Po,Pi) is a dimension drop algebra for Gn, Po, o-nd pi. In particular 
we denote by I{pQ,pi) the dimension drop algebra for {0}, po, and pi with 
{Po,Pi) =1, (i-e., 

I{Po,Pi) = {fe G(4"Ju/(;iV^d ;/(4?o) G Mjj„©l^,, 7(4';^) e ljjo©M^J), 

that was defined in [5]. 

Let eo^o be a minimal projection of Mj. We define /q"^ G A(G„,po,Pi) for 
.,r^"^ and /^"^ 



1,2, ...,r^"^ and /^"^ G A(G„,po,Pi) for (i,j) G 5*") with i > 1 by 



= ( exp(iteo,o), X = rj")(z(t)) G rj"\ t G [0, 27r], 
\ Ij, otherwise. 
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= I exp(iteo,o), a; = e /g\ i G [0, 27r], 

''■^ \ Ij, otherwise. 

Proposition 2.1. Lei Gn, Pi, i = 0, 1, and A{Gn,Po^'P\) be as above. Then it 
follows that {Ko{A{Gn,po,pi)), [1]) ^ (Z, 1) and that 

Ki{A{Gn,Po,Pi)) = Gn, 

under the identification determined by 

r ~ (") • 1 n (n) r /■(n)-i ^ (n) 

UOj J^fi(A(G„,po:Pi) = 5oj ' J - J-)^) •••)?'o ' [Ji,j lKi{A{G„,po,pi) = 9i,j ^ 

for {i,j) G with i>l. 

Proof. Set y4„ = A{Gn,Po,Pi) and / = I{po,Pi), then we have that Ki{I) = 
from (po,Pi) = 1- Set 



Bn,0 = 



(ij)es("), i>i 

X„,o = [Jrj")(^((0,27r)))U [j 4J((0, 27r)) C X„, 

i=i (jjjesw, i>i 

C„,o = Co(X„,o)®Mj. 

Then we have the exact sequence 

O^Cn,O^An^I® Bn,0 0, 

which induces the exact sequence on JsT-groups 

Ko{I(BBn,o) ^ KiiiCnfiD Ki{An) 0, 

where So is the exponential map. 

By (po)Pi) = 1> it follows that {Kq{I), [Ii]ko(i)) — (^) !)• Let eij be a min- 
imal projection of M^^^m C B„,o- It follows that Ko{Bnfi) = ®(i,j)esM,i>i ^ 
under the identification defined by 

[ei,j]Ko(Bn,o) = e • • • e e Uj e o e • • • e o, 

and it follows that Ki{{C„fi)'") = ® Z by the identification 

J=i (»J)es("), i>i 

defined by 

[/oJ]k,((c„,o)~) ^ (0 e • • • ® e 1,- © e • • • e 0) © o®. . z, 
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[/SVi((c„,o)~) - O^^.z © (0 ® • • • ® © 1,,, © © • • • ® 0). 
Define h e (yl„)sa by 

[ 1^, otherwise. 
Because of the definition of Sq and <T{h) = 1/ © Ob„ qj '^^ have that 

^o([l/ © OB„.o]Ko(/es„,o)) = -[exp(27ri/i)]Ki((c„,o)~) ~ 0®^. e © ((i © ■■■©<), 
under the above identification. Define h[^^ £ (^n)sa for £ 5'^"-' with i > 1 

by 

/,(")(^) = / ^ = 4?(0 G ^ e [0,2^], 

''■^ \ Oj, otherwise. 

Since cr(/i|"^) = 0/ © Cij-, it foUows that 

^o([0/©e,,,]) = -[exp(27rz/.g))]^,((c„,„)~^)=-45[4?] 



0®^. z © (0 © • • • © © -4"^ © © • • • © 0). 



Therefore it foUows that 

Ki{A„) = i^i((C„,o)~)/^o(i^o(/n©S„,o)) 



"^0 



= 0^® ^4"^^ 

J = l (ij^eSC"), i>l 

and that [/o"'']_r-i(a„) and [fl']'']Ki(A„) correspond to and g^*"-' because of 
the above identification Ki{{Cn,o)") = 0^- Z © 0^^^. Z. 
Since Ko{Cn,o) — 0, we have the exact sequence 

Then we have that {Ko{An),[lA„]) = (ker(5o), [cr(lyi„)])- Because [cr(lyi,J] = 
1 © id/d\"j)ij is the generator of ker((5o) we conclude that (ker((5o), [cr(l^„)]) = 
(Z,l). ' ' I 

The following definitions are necessary to show the UHF-embeddability in 
Proposition 15. 21 of the projectionless C*-algebra which will be obtained in The- 



orem [3?2] For a finitely generated abehan group G„, we denote by I^^j, j 



1, 2, , Tg' copies of the interval [0, tt], by /}" , r^' copies of the interval 

7(") 



[— TT, 0], by I^"^ the identity map [0,7r] and by T^"- the identity map 



TT, 0] We define a one-point union by 



' 



i=l P,| |G„,i| J = l 
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identifying the base point of X„ with 4"^ (0) andl^ J (0). We set b^^j = J 
for I = 0, 1 and j ~ 1, 2, rg"'', and we identify A{Gn,Po,Pi) with the C*- 
subalgebra {/ G C(X„) ® M,-, /(^f^) = e^"^ (/(fe^:;^)), G e[,:^(MpJ, 

/(«!"^) e 6(;;)(M,-/,(„,)}, where e^"', j = 1,2,..., rp"-* are fixed automorphisms 
of Mj, and we denote the set of end points of X„ by 

i?„ = {ag;(z,j)G5(")}U{6g; z = 0,l, j = 1, 2, r^"^}. 

Given Gn and A(G'„,pojPi) in Proposition 12.11 let 7„ be an injective 
homomorphism from Gn into another finitely generated abelian group Gn+i- 
We shall show how to lift 7„ to an embedding of A(G'„,po:Pi) hito another 
dimension drop algebra A{Gn+i,p'oiP'i) ■ 

Proposition 2.2. Let 7„ be an injective group homomorphism from G„ into 
Gn+i- Then there exist relatively prime numbers jJq andp'i such that d["'^,^'^ \ p'^Pi = 
d' for any {i',j') G S^""^^^ with i' > 1, automorphisms {e^"^"'^^ G Aut(Mj,); 
j — 1, 2, Tq"^"'^^}, unital embeddings {e^^^,^^ : M^,,^(,i+i) ^ ^'^d''^ ^ 

inhere dp"^"'^'' — pj^j-j for i = 0, 1, and a unital embedding ipn ■ C{Xn) (E) 
M^'-^ C{Xn+i) ® M^i satisfying the following conditions: 

(0,0) ip„{A{Gn,Po,Pi)) C A{Gn+i,Po,Pi) a^c? (V'nU(G„,po,pi))* - 7« under the 
identification that was defined in Proposition \ 2.1\ where A{Gn+i,p'o,p'i) 
are defined by Cj"^'^'' and o,nd (V'nU„)* is the induced map on 

Ki -groups, 

(0,1) /or £ > a«rf / G C(X„) ® Mj, «/i/'n(/)"n{0}) e-dense in Xn+i then 
/~^({0}) is e-dense in Xn, 

(0,2) for any e>0 and f G C(X„) (g) Mj, 

max{|Trj,(?/'„(/)(x) --■i/'n(/)(y))|; a;,yGX„+i, d{x,y)<e} 
<max{|Trj(/(x)-/(y))|; a;,yGX„, d(x,y)<£}, 
where d is the canonical metric on Xn, 
(0,3) Mx{En) ^ Ij) < x{En+i) ® Ij,. 

Proof. Suppose that G„ and G„+i are defined by 0?^"'' ) and 
as in the beginning of this section and let 7„ : G„ ^ G„+i be an injective 
group homomorphism. For the free part of G„ and j = 1, 2, Tq"-*, there exist 
/jyj G Z, j' = l,2,...,r^"+^' and i^»'j',oj e Z+, G S'("+i) with i' > 1 

such that 

'o 

j' = l (i'j')eS(" + i', i'>l 
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and that < fi'j^oj < d\7j, {= P^'''^' )• For the torsion group Gn,i and 
(i, j) G 5'^") with i > I, because of 7n(Gn,pJ C Gn+i^p^, there exist I'j'^ij € Z, 
/ = l,2,...,r,i"+^^ such that 

i'=i 

and that < i^y,^^ < 4"^^'- When p,/ f wc define 4"' = 0, 4j = 

1 and i/y,,-,, - 0. Remark that 4"j-'' l4ii^/,»',j (by = 7n(4"]5lr]) = 

E41'^/.',.ffl";^'^ 

Let Pq and Pi be large natural numbers such that 

PoPi > max({|^ f = 1,2, ...,r("+^^} U {(r^"^ + 4"Vfct'^ i'J'}), 

(Popo, PiPi) = 1, and 4?+''> |PoPi, 

for any («', j') G 5^"+^) with i' > 1, and set p'^ = PiPi for i = 0,l,d' = Pp-Pi, and 
m = PoPi- Wc define a unital embedding V^i : C{Xn) ® Mj ^ C(X,i+i) ® Mj, 
by dividing into the following three cases depending on a; 6 Xn+i'- For / G 
C(X„) (g) and for a; = 4"^^^ (i) e 4"^^' , i = 0, 1, and t e [0, 2tt] we define 

V'n(/)(a:)=/(45W)®l,n; 

For X = -^"^j^^Hi-iyt) G 57'^ « = 0>1> / = l,2,...,r^"\ and t G [0,7r] we 
define 

where t](i,j,j') G {0,1} is defined by arg(y^j' 1)* = (-l)'i(»>J'.J' ) and where 

mo,j' = m-E;£ Im/jI; For x = i^+'\t) G I^Pp, {i'J') G with i' > 1 

and f G [0, 27r], we define 

^(n) 
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Note that when pi' \ \Gn,i\ wo have defined r]?'' =0. It is not so hard to show 
that Vn(/)(a;) ^ /(c„) ® !„, for / e C{Xn) ® Mj. Thus it follows 

that i^n{C{Xn) ® M~) C C{Xn+l) ® M^,. 

Recall that A„ = A(G„,po)Pi) was defined in terms of automorphisms ej"^ 
and also depend on unital embeddings e^"-^. We shall show that there ex- 
ist automorphisms ej"^^^ of Mj, and unital embeddings e^^^^^ which satisfy 
the condition in (0,0). Let e^"+^^ be an extension of {®%[{ef'^T^^'''' •^'^ ® 
eidM,~»lm„,,,, then we have e5"+'^(Vn(/)(&f/'^)) = V'n(/)(&fct'^) for 
/ = 1,2, ...,r^"'^^\ Since pj(^j|mpi,(,), i = 0,1, £ eo"^(A%,) for any 

/ e and V'n(/)(io"^^') = HflQi) ® Im there exists a unital embedding 
e[,^+^' : Mp/ M^, such that 

e 6^7^) (Mj,), / e A„, i = 0, 1. 
By the definition of V'n, it follows that for / e A„, 

ffi /(Cn)«)l„_(,W+,W)d(n+i), 

Since 4"y^^l4"]''j',i'J foi' any j = 1, 2, and since /(4"]) ^ 4"] (-^d/d'^). ) 
for/e we obtain a unitary Uiijij in M^v., such that 

Ad«i',y,j(/(ag.) ® l.y,.,,^.) e Mj^^ ^ („+i) ® l^(„+i), / G A„, |G„,i|. 

When pii \ \Gn,i\ we have defined Vj'^i'.j = 0. When pi' \ \Gn,i\ we have 
4"] I P^(ti(i'j))7 then it follows that 4"/^^ I Pti(ti(i',i)) (4"/^'' ~ ^j'^i',])^ and 
from /(ao"(,^(i/_j)) G ^ortjV.jO^^Puci'.i)^ ^^"^ / G A„ we obtain a unitary in 
^d(d<r+/' such that 

where A'' = — i^j' y j) / d\l^j^\ Hence there exists a unital embedding 

e^"+^^ : Mj,/^(„+i) ^ Mj, such that 

9 



Whence we conclude that ipn{An) C A(G„+i,Pq,p'i). 

f of (V'nU„)* = 7«- In Proj 
and with g^"' and Set A„+i A(G'„+i,Po,p'i) and 



Proof of (V'nUn)* — 7n- In Proposition 12. 1[ we have identified [fo^j]Ki(A„) 



f .(a;) = I exp(2iieo,o), x ^^"i W ^ 4" > < t < tt, 
\ Ij, otherwise, 

where eo,o is a minimal projection of Af^. Remark that /q ^ G /7(j4„) and 
[/oj]ki(a„) = [/oj ] = 5o"- • By the definition of ip,, it follows that i}n{fij){x) 

exp(2iieo,o ® 2; = 1^"^+^],^ (arg(/Xj/ < t < tt, 

exp(^^eo,o l.,,.y.oJ: a; = l^'T^ {t) G 4"+'\ > 1, < t < 2^, 
Ij, , oterwise, 

which implies that ipnifoj) ^ U{An+i) and 

[V'«(/oj)]a:i(a„+i) = Xl'^J^jffS^^^ +XlXl''*^J^0J5S^^■ 
For (i, j) e 5^") with i > 1 it follows that 



" 1 Ij,, otherwise, 



which implies that ipnifij) ^ '^(Ai+i) and 

[V'«(/iy)]i<-i(A„+i) = 5I''J^^JfS^^^■ 
Hence we have that (ipn)* — In ■ 

Proof of (0,1). Let ipn,s ■ ^n+i Xn, (5 = 1,2, m be the continuous maps 

m 

such that f°ifin,s{x) = iJjniDix), f e C{Xn)'S) M-^. Since 7„ is injective, for 

(5=1 

jo e {1, 2, Tq"^}, there exists Jq G {1, 2, rQ"^"^-*} such that fJ-j'^.jg ^ 0. Set 

30-1 

6q = l^injl + 1- By the definition of i/jn at x — Ti j'^{{—iyt), we have that 

i^n,So0Zt^ U/|"^.r)) = ?o?o U/l:;.^ and that if^^„(/)-i({0}) n (7£.t^) u7j J^^) 
is e-dense then ^PnMiMfrHM) n U/j"^.^^)) is e-dense in /'J^ U/'"^- 

Since /-i({0}) n (7("2 u /("^J^ D ^„.^o(V'«(/)-H{o}) n (7(;J^) u 7j"+^))), it 

follows that if ^A„(/)-H{0})n(4"y^ is e-dense then /-i({0})n(/^".^^ U 

Ii^jg) is e-dense. Similarly, since 7„ is injective, for (io, jo) G S'^") there exists 
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(io,i^) e such that ^ 0. Set 5o = (r^") + jo - + l- By 

the defitnition of ihn sX x = we have that V'n (5n(-^i"t'^^) = -^f"! and 

that if V«(/)-H{0}) n 4"+/^ is £-dense then ^nM{M)~\{^}) n 4"+/^) C 
/~^({0}) is £-dense. Considering a neighborhood of c„, we notice that if 

V'«(/)-H{o})n(x„+A(4ro^'^u4;+^)))^0then/(c„)-o. If ^„(/)-i({o}) n 

\ (/q'Jj^^^ U I'^x^^y) = (j) and V'n(/)~^({0}) is e-dense then there exists 
(0,i) G such that d(V'„(/)"^({0})n J^"/^\ Cn+i) < e, which induces that 

-^o"\c„) < e, J — or 1. Hence, combining the above arguments, 

we have (0,1). 

Proof of (0,2). Let V'njiS : -^n+i ^ Xn, 6 = 1,2, m be the continuous maps 

m 

such that ^ / o ipn,6{x) = ipn{f){x), f G C{Xn) ® Mj. By the definition of 

5=1 

4>n, we have that 

dilpn,5ix),-lpn,5iy)) < d{x,y), 

for any x,y G Xn+i and S = l,2,...,m. Then for x and y G ^n+i with 
rf(a;, y) < £ and / G C(X„) (g) Mj, it follows that 

|Tr,-(V.„(/)(.T)-^„(/)(y))| 

^ rn 

^ - E I Trj(/(^„,5(x)) - f{i^n,6{y)))\ 

(5=1 

< max{|Tr(/(a;) -/(y))|; x,y G Xn, d{x,y)<e}. 
Thus we have (0,2). 

Proof of (0,3). By the definition of Vn, for /i^"^ G C(X„)Y, n, fc G N with 
/i^"^ \ xi^n) {k —>■ oo), satisfies that 

lim Vn(/li"^ Ij) < X(^n+l) ® Ij). 

Then we have (0,3). This completes the proof of the proposition. I 

3 Simple projectionless (7*-algebras with a unique 
tracial state 

In this section, we construct the inductive limit C*-algebra of a sequence of 
dimension drop algebras that is simple and has a unique tracial state. 

For the simplicity of C*-algebras and the uniqueness of tracial states, we 
prepare the following proposition. 

Proposition 3.1. Let Gn be a finitely generated ahelian group, po and pi rel- 
atively prime numbers such that d^j\d = po ■ Pi for any G S^^^ with 
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i > I, An a dimension drop algebra for Gn, Po, and pi. Then there exist rel- 
atively prime numbers p'q and p'^ such that Po\p'q and Pi\p'i, automorphisms 
|g(".o) ^ Aut{M^,); j — 1, 2, Tq"'}, where d' = p'qp'i, unital embeddings 
{e£.'°^ : Af-/^(„, ^ e where d^^} = p[^^^ for z = 0,1, and 

a unital embedding ipn,o ■ C{Xn) '—>■ C(X„) M^, satisfying the following 
conditions: 

(0) (pn,o{An) C A{Gn,p'Q,Pi) ^'^'^ ("y^n.oUn)* — idc,. Under the identification 

which is defined in Provosition \2. 1\. where j4(G'„,Pq,p\) is defined by ej"'''-' 

and ei"'°\ 

(1) if f € C{Xn) ^ satisfies that ^n.o{f)~^{{^}) *s e-dense in X„ then 

f^^{{0}) is l/2e-dense in X^, 

(2) for any f £ C{Xn) ® and e > 0, 

max{\TT-^,{ipn,o{f){x) - (pn,o{f){y))\; x,y e X^, d{x,y)<e} 
<niax{|Trj(/(a;)-/(j;))|; x,y e X„, dix,y) < l/2e}, 
where d is the canonical metric on Xn, 

(3) Trj,(¥.„,o(x(^^n) ® li){x)) < l/2Tr(x(i;„) ® lj,(a:)), x G X„. 

Proof. Let G„, po: Pi> and d be as in SectionlKi.e., by r^"^ e Z+, \ fcg^ G N 
for i > 1 with pi| IGn^ij, and d^" = p^'"' , we have represented G„ as 

Vi\ |G„,i| J = l 

(POiPi) = 1, d = Po • Pi, and c^lj^M for any (i, j) G S*'"^ with i > 1), and let An 
be a dimension drop algebra for G„, poj and pi. 

First, we define p[, i = 0, 1 as follows. Let Pi G N, i = 0, 1 be such that 
{PqPq,PiPi) ^1, Pi> d, and 

Po=Pi = l (mod d) 

( Po = a'd+ 1, Pi = &'Pod+ 1, a', 6' G N). We define p[ = P^p^ for i = 0, 1, and 
TO = PqPi- By the definition of Po and Pi, we obtain a, 6 and c G N satisfying 
that _ 

TO = aj^Q + Po = bp'i + Pi = cd + 1. 

Set 

Pi\ |G„.i| 
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then, taking large Pi, we may assume that m > 2(3ro"^ + n). 

We shall define ipn,a as the direct sum of homomorphisms of C(X„) ® Mj 
into C(X„)(8)M^(g)M3, k homomorphisms of C(X„)®Mj into C(X„) (g) Afj, and 
the homomorphism of C(X„) ® into C(X„) Mj® ^'^rn-{Sr'^"-'' +n) dt^fined 
by / I— > /(Cn) (81 1 (n) . V The first type of homomorphisms, denoted by r]j, 
will be constructed to preserve the free part of G„ and the second type denoted 
by C<5 will be constructed^ to preserve the^torsion subgroup of G„. We define a 
*-homomorphism r] : C(X„) (g) Mj— »• C(X„) (g) Mg^(„)j as follows. Set 

D{t) = diag(^(^),^(^),^(^))GC/(M3), tG[-7r,7r], 
= diag(0,^^,-^)GM3, ie[0,27r]. 

and let V G ^/(Ms) be such that 

VD{-w)V* = D{-k). 

For / G and 3 G {1, 2, r'"^} let / o rj"' {D{t)) 

_/ diag(/oro,,(|),/oTo,,(^^),/oTi,,(i^)), fG[0,7r] 
diag(/oli,,.(|),/oro,,(^4^),/oli,,(^4^)), iG [-7r,0], 



andlet /orj"' oz(F(t)) 



„ 27r — t ^ t — 27r 
= diag(/(c„),/oto,j( g )J°^hj{ 3 ))^ *e [0,27r]. 

Remark that for / G An , 

Ad F • (1,~© 1,~© ^)(/ o rf )(I>(-7r))) = / o rj")(i?(7r)), 

where wj"^ is a unitary in satisfying that Adw^"^(/(6j"j')) = /(^o"-) foi" any 

/ G A„. Set = ij® y ■ (1 © 1 © ^2- 

Define *-homomorphisms r]j : C{X„) (g) —^ C{Xn) (g (g) M3, j = 
l,2,...,r(") by 

/orj")(Z)((-l)^t)), ar=7j';.^((-irt), tG[0,7r], i = 0, 1, 
%(/)(^) = { fo r^;'\D{0}l X E 4"j V /("j, ^ J, 

for / G C{X„) (g Mj. Remark that 

Vj{f ){a^;:l) = /(c„) ® I3, / G ® (/z, i.) G 
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and that 

Ad«^.(77,(/)(6g))=r?,(/)(6g), /e^„, i = l,2,...,r("\ 
We define a *-honiomorphism r] : C(X„) <g) — > C(X„) Mg^(„)~ by 77 

We define a *-honiomorphism : C(X„) Mj ^ C(^n) <8> Mj, 5 
1, 2, At by the following cases : when / G C(X„) (g) Mj and 1 < ^ < -Pi 

d"^(/)(^)= /(4"o^(^-i)), x=4':kof (m,^^)7^(o,o), 

i /(.gW), a.G45u7£\i = l,2,...,rr, 

when Pi + 1 < 5 < Po + f 1 

f /(4"i^(^ + |)), ^ = 4"i^We4"\ 

d"^(/)(^)= /(4"i^(^-|)), x = 4"^(t)jE4"2, (/i,z.)#(o,i), 

t /(.gW), a.G45u4:;\ j = l,2,...,r("\ 

when^ = Po + Pi+ r(r^+i,Pi| |G„,il>andj = l,2,...,rf^ 

Ai<i, p^l |Gn,i| 



t /(4JW), xe4Ju4:;), j = l,2,...,r("\ 



We define a *-honiomorphism ^ : C(X„) (g) Mj— > C(X„) (g) M^j by ^ = ^^5. 

<5=1 

Set d' = p'qP'i{= md), and let An be defined by automorphisms e.^j^\= 
AdVj"^) and unital embeddings e|^\ Define a *-homomorphism : C{Xn) (g 
- C(X„) ® M(^_(3^<„,^^^^^- by = /(cj ® 1„_(3,(._)+,), X e X„, 

and define a unital *-homomorphisms ipn,o '■ C{Xn) ^ G{Xn) ® Mj, by 

We shall show that there exist automorphisms e^"'"' and unital embeddings 
e^j'^^ satisfying the condition in (0). Set Vj = © '= ^(*%') 

and e^"'°^ = Advj, then it follows that 

4"'°H'^n,o(/)(6i"^)) = ^,,o(/)(&g), /G^„, j = l,2,...,r("). 
From the remark of 77 and the definition of it follows that 

¥'n,0(/)(45) = /(C„) ® • • • ® /(C„) ® ® ® /(C„) ® • • • ® /(C„), 
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for i = 0,1. Since e e^^){Mp.) for / G A„, = and 

p'^^.^jm — P[,(j) there exist unital embeddings eo"i°^ • -^p- -^J" * = 0' ^^^^ 
that 

Vn,o(/)(45) e e£'°\A%,), for any / e A„. 
Similarly, it follows that 

VnAf)ia'Cj) = f{Cn) ® • ■ • © f{Cn) © /(a^J) © /(c„) © • • • © /(c„), 

for any (i, j) e with i > 1. Since /(ag) e eS(Mj/^(„)) and 4")\ d\m-l, 
there exist unital embeddings ^Ij'^^ ■ Mj,^^(„) Mj, such that 

^n,o(/)(aiy) e for any / e A„. 

Hence we conclude that ipnfli^n) C A(G„,pQ,p'^). 

Proof of (<p„,oU„)* = idG„- Define f^j G U{A„) for j = 1,2, ...,r^"^ by 

j^' .(x) = I exp(6zfeo,o), a; ='4"j'(i), < i < 7r/3, 
\ Ij, otherwise, 

and e ;7(A„) for e ^("^ with z > 1 by 



cxp(2j(t - 7r)eo,o), = 4 J (i), tt < t < 27r, 

Ij, otherwise. 

Remark that [/oj]ki(a„) = [/oj] = ffo"j' J = l:2,...,r^"\ and [/[j]a:i(a„) = 
[/i,?] («>.?) e 'S'(") with i > 1. By the definitions of r], ^, and ^c, it 

follows that vMo,j) = lad' ^ ^ ® ^c)(/oj) = l(„_3r<"))rf' and 

exp(2«teo,o), x = '^^ji^)^ < t < tt, 

Vj{fQ,j){x) = \ exp(-2iteo,o), x = tg^(t), tt < i < 27r, 
I3J, otherwise. 

Then we have that 

[Vn,o(/oj)]K,(A(G„,pi,pi)) = [(??© ^ © ^c)(/o,,)] = 

By the definition of 1] it follows that ri,^{fij) = I3J, = 1, 2, ro"'\ and 

by the definition of ^^"^ it follows that ^^"^(/(j) = Ij for 5 7^ Pq + A + 

Em<., p,| |g„.,| ^m"^ + 3 and ^^(//j) = Z^? when S = Po + Pi + E^"^"^ + i- 
Then we have that 
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Hence we conclude that {ipn.olA^)* = idG„- 

Proof of (1). Let / e C{X„) ® Mj. When (^„,o(/)"H{0}) n (7£^, U is e- 

dense in /^"',u7j"! , by the definition of ^(i), we have that /"H{0})n(7^"! u7j"! ) 

is l/3e-dense in 7^'^-! U I^"^^,. When (p„,o(/)"^({0}) n 4"], is e-dense in 4"j, for 

any (i', j') e 5^"), by the definition of ^s, we have that /"^({O}) n is l/2e- 

dense in 4,? for any G If ^„,o(/)-'({0}) ^ (A, then /(c„) = by ^c- 

Inductively, define relatively prime natural numbers Po,m, Pi.m, and the unital 
embeddings <Pn,m • ^n,m-l -^n^m = A{G n-,Po,rmPi,m) by the Same way as 
^Pnfi, then ^„,o = '/'n,™ oVn.m-i o • • • o : ^ An,m Satisfies (1) (and (0)). 
Thus we may claim that (pn,o satisfies (1). 

Proof of (2). Let xq and yo G Xn be such that d{xo,yo) < £ and let fij^i : 
Xn Xn for i = —1, 0, 1 be the continuous maps such that 

Vjif) = f ° Vj,o ® / o %,i © / o Vj-i- 
By the definition of rjj, it follows that 

d{'njA^)^'njAy)) < l/3rf(a;,y), x,ye X„. 
Then we have that | 'Tv^^M^r]{f){xQ) - v{f){yo))\ 

< 1/(34"^) \T^sif°Vj,iM-fovjM)\ 

j = l «=-l,0,l 

< m&x{\Tv{f{x)-f{y))\;d{x,y) < l/3e}. 

Let S^s ■ Xn Xn be the continuous maps such that ^s{f) = f ° ^S- By the 
definition of ^5, it follows that 

d{is{x),i5{y)) < ll2d{x,y), x,ye X„. 

Then we have that | Tr^j(^(/)(a;o) - ^{f){yo))\ 

K 

< V« E I ° isM - f o 6(yo))| 

5=1 

< max{| Tr(/(a;) - f{y))\; d{x, y) < l/2e}. 
Combining the estimation for r} and ^, we have that 

I Tr5,((^„,o(/)(a;o) - ¥'n,o(/)(2/o))| 

= I Tr((r? e ^ e Q{f){xo) - (r/ ^ 8 ^c)(/(yo)))| 

< 34"Vm| Tr3^(„),~(j?(/)(a;o) - n{f){yo))\ 

+K/m|Tr^,Ke(/)(^o)-C(/)(j/o))l 

< ma^{|Trj(/(a;) - /(y))|; d{x,y) < l/2e}. 
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Thus we conclude (2). 

Proof of (3). Let e C(X„)i^, n, fc e N be such that 4"' \ x{En), 
k oo. Then we have that limfc^oo Tr^, ((/3„^o(^i"'' ® ^d)i^)) 

= limTr((r; © 0(4"^ ® © 0(™-(3.<">+K))d)' ^ ^ 

By the definition of t] and ^ we have that 

limry(4"^®lj) < x(i^n) ® Ig.w,-, 
lim^(4"^®l,-) < x(i^n)®l,,-. 

Then, by m > 2(3rQ"'' + k), we have that 

TT^,{ipnAxiEn) ® < l/2Tr(x(i;„) l5-,(a:)), a; G X„. 

Theorem 3.2. Let G be a countable abelian group. Then there exists a unital 
simple C* -algebra A which has a unique tracial state, is expressed as the induc- 
tive limit C* -algebra of an inductive sequence of dimension drop algebras, and 
satisfies {Kq{A), [1a]) = (Z, 1) and Ki(A) = G. 

Proof. Let {Gn)n&i be an increasing sequence of finitely generated abelian 
groups and 7„ connecting maps such that G = lini(G„,7„). We may assume 

that 7„ is injective. By Proposition l2 . 21 and 13 . 1 1 we inductively obtain dimension 
drop algebras An^ and An for G„ and unital embeddings V'n '■ ^ ^n+i,o 
and (p„+i,o : An+i^ ^ An+i such that (V^n)* = Jn, (<y5„+l,o)* = idG„+i, V'n 
satisfies the conditions (0,1) and (0,2) in Proposition 12. 2i and 93n+i,o satisfies 
the conditions (1) and (2) in Proposition 13. II Set ipn = </?n+i,o otpn- Because 
of the conditions (0,1), (0,2), (1), and (2), we see that ipn satisfies a similar 
conditions to (1) and (2) and satisfies ((^Cn)* = 7n- Let A be the inductive limit 
C*-algebra lim(A„, tpn)- It is not so hard to show that A is unital, projectionless, 

and satisfies~(ifo(^), [U]) = (Z, 1) and Ki_{A) ^ G. 

By the condition (0,1) and (1) we shall show that A is simple. Let ^„ be 
the canonical embedding from A„ into A, and let / be an ideal of A. Then it 
follows that 

I={\J^n{An)nI). 

Thus we obtain an ideal /„ of An such that ^„(A„) n / = ipniln) and the 
compact subset Yn C Xn such that 

In = {/ G An, f\Y„ = 0}. 

Assume that A ^ I, then there exists a subsequence to„ e N such that Y„i^ ^ (j>, 
n € N. For any no G N and / G we have that (pm„-i ° V'm„-2 o ■ • • o ipn^ (/) G 
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for large n G N. By (0,1) and (1) of (p„ it follows that /"^({O}) is 2"™- 
dense, where m ^ oo (m„ oo), and then / = 0, thus /„(, ~ {0} for any 
no G N, which implies that / = {0}. Then we conclude that A is simple. 

By the conditions (0,2) and (2), for / G An and e > we obtain 6 > and 
M eN such that if m > M then 

max{| Tr(<y9„i,„(/)(.T) {f){y))\; x,ye 

< max{\Tr{(pm,n{f){x) - (pm.n{f){y))b x,yeXrn+i, d{x , y) < Att} 

< max{| Tr(<y9„i_i^„(/)(a;) - (p„,_i,„(/)(2/))|; x,y e X^, d{x,y)<2'!r} 

< max{|Tr(/(x) -/(y))|; x,y e X^, dix,y) < 6} < l/2e, 

where ipm,n = V'm o V'm-i o • • • o (^„. Let t,; e T(A„i+i), i = 0, 1, and let fir, be 
the probability measures on Xm+i such that 

Ti o V3„i,„(/') = / Tr(v3„,„(/')(x))d^r,(a;), for any /' £ A„. 

By the above condition, it follows that |ro o (pm,n{f) (/)l 

- X! 1'^'' ° ~ Tr((p„,.^„(/)(a;o))| for some xq e X,„+i 

4=0,1 

< e, 

for any m > M. Then for a sequence Tm G 7'(^m), m G N it follows that 
(tto+i oiy9m,n(/))meN, m>n is a Cauchy sequence and converges to a point which 
is independent of the choice of G T(A,„). We define a tracial state r on A 

by 

if), f G A„, 

771 — > OO 

(remark that r(^i_|_i o (pi.n{f)) — T{^n{f)))- By the above claim for tq and ri, 
it follows that r is unique. This completes the proof. I 



4 ^-stability of projectionless C*-algebras 

In this section, we prove that the projectionless C*-algebra, that was constructed 
in Section [3l for a countable abelian group without free part absorbs the Jiang- 
Su algebra tensorially without passing through the classification theory of these 
algebras fTheorem l4.3p . In order to prove Z-stability of the projectionless C*- 
algebras for general countable abelian groups, we shall modify the constructions 
in Section [3] ( Lemma 14.41 and Theorem 14. 5p . 

The following lemma is a continuation of the proof of Proposition 13.11 Re- 
mark that if Gn = Gn.i then we have that X„ ~ X„. We set t](0, i) = i for 

i = 0, 1, = 1 - «, rfij |Ph(ii(ij)),) popi, d' = PoPid, A„ = A{Gn-,Po,Pi), 
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and Anfi = A{Gn, PoPo, PiPi)- Let (fn,o be the unital embedding from An into 
Anfi that was defined in the proof of Proposition 13. II and let An and A„ o be 
defined by unital embeddings {Ci"^} and {e|"'°^}. 

Lemma 4.1. Suppose that Gn — Gn.i- Then there exists a unital embedding -0 
of I{Po, Pi) into Anfl satisfying that: if f G An ande > with ||/(a;) — /(y)|| < £ 
for any x and y G Xn then it follows that 

\mg),^nAf)]\\ < 2£, for any g G /(Po,Pi)^ 
Proof We define C*-subalgebras Aij, {i,j) G S**^"^ of An by 

A,,^{feAn-J{x)^f{a<g), xel^}. 
By the definition of (pn,Q in the proof of Proposition [23 it follows that 
Mp, = (p„,o(^o,0(4?) ^ ^T^iMp^P.), ^ = 0, 1, 

M-/^(„, - ^„,o(A.,,)(ag) C e^°\M^,^^^), G ^^-^ with t > 1 

(where we denote by A{x) the C*-subalgebra {f{x);f G A} of Afj, for a C*- 
subalgebra A of C(X„) (8> Mj, and x G X„,) then there exist unital embeddings 

<5o,^ : Mp^ ^ ¥.„,o(^o,^)(4"V n e^d!f\Mp^P.) for * = 0,1, and S,^, : Mp^,._^., 
(p„,o(A,,)(4^.V ne|j°)(Af5^,/^(„,), for G with i > 1. 

We denote by ip' : C(X„) ® Mp^p^ '-^ C(X„) (X> M^, the natural unital em- 
bedding defined by ^'{f){x) — 1^® f{x)- By the definition of (p„^o, we have 
that ilj'{G{Xn) (S> Mp,p,) C V«,o(lc(x„) «> M^)'. Set / = I{Po,Pi) and identify 
/ with the C*-subalgebra {/ G C(X„) Mp„p, ; /(a[,"j) G A/p^ Ip^ , /(a[,"^) G 
lp„ ® Mp,,/(6g(t)) = for (^J) e 'S^"), i > 1, and t G [0,2^]}. 

Since ip' {I){a';^J) = Mp^ and .^„^o(lc(x„) ^ '^'",0(^0,0(4^^), we ob- 

tain a unitary wo,i G [/(C(X„)(8)Mj,) suchthat Ad?«o,iO'(/;'(/)(ao"^) — So^i{Mp.), 
wo,iix) G (y5„,o(Ao,i)(4^^)' for ^riy X G and wo,i(c„) = 1. Similarly, 

since 0'(/)(4^-)) = Mp^,^^., and ^„,o(lc(x„) ® Af,-)(4^)) D ^„,o(A.,,)(45) 
for {i,j) G S*'"^ with i > 1, we obtain a unitary G U{C{Xn) ® Afj') such 
that AdtUjj o ■0'(/)(4j ) = Wij(a;) G <^„,o(Ai j)(4j )' for ^riy 

X G and Wjj (c„) = 1. We define w G C/(C(X„) Afj,) by 

w{x)^w.^,{x), xG/g\ 

and -0 = Adui o -0', then it follows that i^il) C An.o- 

Let / G A„ satisfy the condition in the lemma and let fi_.j G Ai_j for (i, j) G 
S**^"^ be such that fi,j{a\"j) = f{a'ff). By the definition of ipn,o, we have that 

m 

ll^™.0(/..,)(4:?) - ¥'n.0(/)(x)|| = II /.,,(4:?) - /(X,)|| < S, 

5=1 
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where xs G X„, m = PqPi- Hence it follows that for g G /(Po,Pi)'^ and 

X G /g\ G V'(ff)^n,0(/)(a:) «e V'n.O (/.,,)(«!:?) = 

^'n.oC/jjOCa-"^) ~e ¥'„.o(/)V'(ff)(a;). Whence || [^'(s), V'n.ol/)] || < 

2e. I 

Lemma 4.2. Letp and q be relatively prime numbers. If relatively prime num- 
bers Pq and Pi satisfy min{Poj-Pi} > Spq, then there exists a unital embedding 
^ ofI{p,q) into I{Po,Pi). 

Proof. Since (p, = 1 and min{Po7^i} > PI, we obtain a, b, c, and d G Z+ 
such that Pq = ap + bq, Pi = cp + dq, b < p, and c < q. Set D = ad — be. 
Since min{Fo, Pi} > 2pq it follows that D = j^{PoPi - Pibq- Pocp) > ^((Fq- 
pq){Pi—pq) — {pq)^) > 0. Then we can separate PqPi as the following summation 

PoPl^pcPo+qbPi+pqD. 
We define a unital embedding : C(4"o' U/o"i )«'Mpq ^ C(4"o^ U/^"^) ® Mp^p, 

by 

- «> IcPo © Viif) ^ Up, ® fix) 1,5, 

where Vq and Vi are the irreducible representations of I{p,q) at a^^^ and ag",'. 
Since cPq + qD = aPi and bPi + pD = dPo, we obtain unital embeddings 
eo,i : Mp. ^ MpgP, such that V'(/)(ao"^) S eo,i(MpJ, for any / G /(p, g) and 
i = 0, 1. Hence we have that ip{I{p, q)) C /(Pq, Pi), where /(Pq, Pi) is defined 
by CQ.i. I 

Theorem 4.3. T/ie unital simple projectionless C* -algebra, that is constructed 
in Theorem \3.2l for a countable abelian group without free part absorbs the 
Jiang-Su algebra Z. 

Proof. By the definition of ipn,o in the proof of 13.11 for any e > 0, no G N, 
and any finite subset F C Ang there exists a natural number m G N such that 
max {| 

(/)(y)ll ;f & F, x,y e X„i+i} < e, where 
<Pm o ° ■ ■ ■ ° ^Pn and ipn — ifin+ifi ° V"" ■ ^ ^n+1 that was defined in 

the proof of Theorem 13.21 Applying Lemma 14.11 and Lemma 14.21 we have that 

i{P:q) Cunitai A'nA°°, 

for any relatively prime numbers p and q. By Proposition 2.2 in [15', this implies 
that A(g) Z ^ A. I 



Lemma 4.4. Let Gn be a finitely generated abelian group, p and q relatively 
prime numbers, pq and pi relatively prime numbers such that d["j \poPi = d for 
any {i,j) G 5*-"' with i > I, and An the dimension drop algebra for Gn, Po, and 
pi . Then there exist relatively prime numbers and p'l such that po \p'q and 
Pi\p'i, automorphisms {ej"'*'^ G Aut{M^,); j = 1, 2, rg"^}, where d' — p'qP'i, 
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unital emheddings {e|"'°'' : M-^^(„) ^ ^^d''^ ^ S''-"-'}, where S^^l ^ P[,{i) 

i = 0, 1, and a unital embedding (pn.o '■ C{Xn) ^ C(Xn) ® M^, satisfying 

ttie conditions (0) ^ (3) in Proposition \3.1\ and 

(4) there exist a unital embedding ip of q) into A(Gn-,p'o,Pi) satisfying that: 
if f G An and e > satisfy \\f{x) — f{y)\\ < e for any x and y € X„ then 
it follows that 

ll[V'(5),¥'„,o(/)]|i < 2e, for any g e 

Proof. Let a, /3 G N be such that ap — fiq ^ 1, a < q, and (3 < p and let 
Pi, i = 0, 1 be relatively prime numbers as in the proof of Proposition 13. 1|, 
satisfying moreover PqPi > {ap-\- (5q) + k, {Pi,pq) — 1, and min{Foj -Pi} > '^PQ- 
Set p'i = PiPi, m = PqPi, and d' = p'^^i- 

Define a *-homomorphism r] : C(X„) (g) — > C(X„) ® M^^^^^^^-^^ by 

\ /(c„) lap+/3g, otherwise, 

define C : C(X„) ® ^ C(X„) ® M^j and : C{{Xn) C(X„) 
^^{m-{ap+i3q+K.))d ^'^^ Same way as in the proof of Proposition 13. li and de- 
fine ipnfi ■■ C{Xn) ® ^ C{Xn) (g) Mj, by ifinfi = V® ^.c- Remark that 
this ipn,o satisfies the condition (3). Let v' G U{C{Xn) ® M~) be such that 
Adv'{f){b["]) = f{b^']) for any / e A„ and j = 1,2, ...,r^^\ and - 1^- for 
any a; G U(j,i)GS(") 4"'. and set 



Thus it follows that Adv o Lpn,o{f){b^i]) — </'ri,o(/)(&o"i) for any / G An and 



j = 1, 2, rQ"-*. As in the proof of Proposition 13.11 for ^, we obtain unital 
embeddings eg'°\ G 5^") such that (^„,o(/)(a|"^) G e|"'°^(M5-,/^(„)) for 

any / G A„ and G 5'*^"^. Let yl„.o be the dimension drop algebra for 

Gn, Po, and depending on the automorphisms {Adt;(6^"j')} and the unital 

embeddings {ej-"'°^}, thus it follows that i^Ti,o(^ri) C A„^o- Since ap — (3q = 1, 
we have that ((^n,oU,J* = idG„- 

As in the proof of Lemma 14.21 and (Pi,pq) = 1, we obtain a, 6, c, d, and 
D G N such that D ^ ad - be and PqPi = pcPo + g6Pi + pqD. Set / = I{p, q), 
and define a unital embedding ip' : I ^ C(X„) (X> Mj, by i/j'{g){x) 



= Ij^i (Vb(<?) ©la © Vi(5) © lf3®g{x) © Id © Fo(g) © IcPo-a © Vi{g) © IbPi-^j), 

where Vq and Vi are the representations of / at Oq'q and a^l, and we identify 
I with the C*-subalgebra {/ G C(l„) © Mp,;/(4"o^) G Mp © lg,/(4"i^) G 
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Ip «. Mg,/(4J(t)) = for 6 with i > 1 and i e [0,2^], 

and /(x) = /(c„) for x e -^i j\ i = 0, 1 and j = 1, 2, Tq""*}. Then, for any 
£ S'("\ it follows that ^p'{I){a'f'^) is contained unitally in a C*-subalgebra 
of ipn,o{^c{x ) *^-^<i)(^i""^)' ^-^d' ^^^^ isomorphic to Mp^^^. . As in the proof 
of Lemma [4.11 we obtain a unitary w G U{C{Xn) M^, such that w{x) ~ Ij, 
for X G Adzi;oV''(g)(4^)) G e(^-°^(M,-/^(„,) for 5 G / and G and 

\\[Adwoiy{g){x),^„^oif){x)]\\<2e, 

for g £ , X £ Xn, f G A„, and £ > satisfying that \\f{x) — f{y)\\ < e for any 
x,y € Xn- Set — Ad woip'^ then by the definitions of v and "0', it follows that 

Adv o ip{g){x) ^ if; {g){x), a: G X„, 

which induces that ip{I) C A„.o- 

In order to obtain the condition (1) and (2) for this (pn,o, applying Propo- 
sition [nUl we take the dimension drop algebra An^i = A{Gn,Po,Pi) and the 
unital embedding ipn,i ■ ^n.o ^ ^n.ii then ipn.i ° ^n,Q satisfies (1) and (2). 
Hence we can construct ipn,o satisfies (0) ~ (4). I 

Applying Proposition 12.21 and Lemma 14.41 in place of Proposition 13.11 we 
conclude the following theorem. 

Theorem 4.5. Let G be a countable abelian group. Then there exists a unital 
simple projectionless C* -algebra A which has a unique tracial state, is expressed 
as the inductive limit C* -algebra of an inductive sequence of dimension drop 
algebras, satisfies {Ko{A), [1a]) — (2,1), Ki(A) = G, and absorbs the Jiang-Su 
algebra Z. 

5 Certain aperiodic automorphism of projec- 
tionless C*-algebras 

In this section, we show the UHF-embeddability of the C*-algebra in Theorem 
[321or|4?5]( Proposition [O]) and prove Theorem [L2l 

Let A be the unital simple projectionless C*-algebra which is obtained in 
Theorem 13 . 21 or 1431 for a countable abelian group G, t the unique tracial state of 
A, (A„, ifn) the sequence of dimension drop algebras such that A = lim(A„, fn), 

where we have defined ipn ■ A„ ^ An+i as the decomposition of unital embed- 
dings such that 

An = A(G„,po,n,Pl,n) > , Po,n+l , Pl,ri + 1 ) = » An+l- 

Set dn = Po,nPi,n and (i„,o = P'o,nP'l,n- 
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Let /i„ be the probability measure on X„ defined by r o (p„(/ (g) ) = 
J^^ fix) dfinix) for any / G C{X„), and S„ = {ag^} U {rj"^ (z(7r))} C X„. 
We recall that V'n and (/Jra+i,o satisfy (0,3) and (3) in Proposition 12 . 21 and 13 . 1 1 or 
Lemma then we have the following lemma. 

Lemma 5.1. For any n Cz N we have that /i„(£'„) = 0. 

Proof. Let /i^"^ e C{Xn)\. be such that \ x{En) (pointwise). By the 
conditions (0,3) and (3) in Proposition 12.21 and 13 . II or Lemma we have that 

/in(-E'n) = lim r o kp^ih^^^ ® It) = limr o Ip^+i o (y5„+i,o ° i^nih^k^ ® Ij), 

k — >oo A; 

< limr o (^„+i o (^„+i^o(^i"^^^ 'X' '^d,,+^_ c) 

< lim/ Trj^^^(v?„+i,o(4"^^^ ld„+i,o)(^))^^"+i(^) 

< l/21im/' Tr,-^^^(4"+^)®l,-^^^(x))dM«+i(x) 

— l/2A^n+l(-E„+l). 

Hence we have that ^n{En) = 0. I 

Let (tTt-, i/,-) be the GNS-representation of A associated with r. The follow- 
ing Proposition is a generalization of Proposition 2.3 in |13l . 

Proposition 5.2. There exists a UHF C* -subalgebra B of TTr{A)" and an in- 
creasing sequence (i?n)neN of matrix C* -subalgebras of B such that i:r{A) C B, 

1b„ = 1b , S = Ui?„ ' ', and 

{B'^ni^M))" = B',,n^r{A)". 

Proof. Let C„ denote the C*-algebra C(X„) ® Afj , where (i„ is such that 

A„ c C(X„)®Mj^ and let ft G C(X„)^, fc G N be such that fk / x{Xn\Er,), 
fc — > oo (pointwise), and fk{En) = {0} and define a map : C„ ^ i:t{A)" by 

*ri(,g) = lim Tlr O <?n((/fc ® Id)^), 9 G C*", 

where the limit is taken in the strong operator topology. From Lemma 15.11 and 
a similar argument to the proof of Proposition 2.3 in 13], it follows that 
is independent of the choice of fk, is an injective *-homomorphism, 5'n|A„ = 
ttt o and satisfies — ° fn on Cn. Then we have that 

7r,(A) c|J*„(C„)" " C7r,(A)". 

n 

Set S = U„ *n(C„) and define a sequence of finite dimensional C*-subalgebras 
Bn of B by 

-B„ = *n(lc(x„) «) MjJ, n G N. 
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By the definition of ip„+i.o and ipn, for f G Cn there exists a large natural 
number m such that ipm ° ^m-i o • • • o (/?„(/) is almost contained in ^^-j 

then we have that ^'n(C„) C IJ i?„, hence B = \_} Bn is a UHF-algebra. 
We shall show {B'^fMiriA))" D B'^nnriA)". From LemmaOwe have that 

*jv((l - fk) ® Ij^) = TT^ o (^^r((l _ /i^) 1-^) \ 0, fc -> oo (strongly), 

for any N eN. Let g e B'^D TTriA)". We may assume that g e B'^Ci ^'Ar(CAr), 
N > n. Set i?„^o = </'A'-i,n(l®-Mj ) C Cat. We obtain 50 G C'w'~l-B'i o such that 
g = *n(5o)- Since 50 • (/fc ® eA^nB'^,^ and *Ar((7o • (/fc ® l^^)) ^ ^'Ar(.9o) 
(strongly), we have that g £ {itriA) n B'^)". I 

Remark 5.3. By the UHF-cmbcddability in the above proposition and by the 
same argument as in the proof of Theorem 2.6 in 113], we can prove fTTT] for the 
projectionless C*-algebras that are constructed in this paper. 

The following lemma is an adaptation of Theorem 3.12.14 in [Tl] . 

Lemma 5.4. Suppose that a sequence {Fn)neN of projections in ■Kr{A)" satisfies 
that [Fn,x\ —> (strongly) for any x e 'Kr{A)" . Then there exists a central 
sequence {fn)n of positive elements in A^ (in the sense that 

Il[/«,a]|| 0, for any a e A,) 

such that 

Fn - TTrifn) ^ (strongly). 

We recall that 

Wlnn(A) ^{ae Aut(A) : tt^ o a = Ad o tt^. We C/(7r^(A)")}. 

Mimicking the proof of Lemma 4.4 and Theorem 4.5 in [7j, we obtain the fol- 
lowing proposition. 

Proposition 5.5. Let A be a unital simple projectionless C* -algebra with a 
unique tracial state r and let a G Aut(yl). // there exists a central sequence 

(/n)nGN G (-^oo)^ •^'^c/l that 

Hfn))n ■ (/„)„ = 0, r(l - (/„ + a(/„))) ^ 0, n -> OO, 
then a ^ Wlnn(A) . 

Proof. Assume that there exists V G U{tTt-{A)") such that tt^oq: — AdFoTr^. Let 
p : A Xq Z ^ 7r^(A)" be a representation of A Z determined by p{a) = 7r^(a) 
for a Cz A and p{ua) — V, where is the canonical unitary with M^a = a{a)ua, 
a E A. Define a tracial state of A Xq, Z by (j){x) — {p{x)ilr\^T) , where ilr 
is the cyclic vector obtained by the GNS-representation associated with r. By 
V € U{TTr{Ay') there are a„ G A such that 7rT-(a„) V* (strongly). Thus we 
have (j){anUa) — » 1. However we shall obtain (j){aua) = for any a G yl by the 
condition of a and the following argument. 
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Set a € and let (/„) G (Aoo)+ be as in the Proposition, then it foUows 
that 

(i)(aua) = hm (j){{fn + a{fn))aua) + 0((1 - ifn + a{fn)))aua) 
= lim (l){{fn + a{fn))aua). 
Since (/«)« is a central sequence we have that 

lim 4){fnaua) = lim(/)(/y^Q:(/„)^/^au„) = 0, 

n — *oo 

which implies that (f>{aua) — 0. I 

The following proof of Theorem II. 21 is based on the proof of Theorem 4.5 in 

Proof of Theorem 1.2. Suppose that a £ Aut(A) has a central sequence 
{fn)n G (^oo)+ which satisfies the condition in the theorem for 2k in place of k. 
Set /„ = E,to Thus (/„)„ e {A^)\ satisfies (/„) • «'=((/„)) = 0, and 

t{Ia - (/„ + «''(/«))) -> 0. From Proposition[531 it follows that a'' (f. Wlnn(A). 
Then we have that [a] is aperiodic in Aut(A)/ Wlnn(yl). 

Suppose that [a] G Aut(A)/ Wlnn(A) is aperiodic. Let a be the weak ex- 
tension of tTt- o a o 7r~^ to an automorphism of 7Tr{A)" . Let G N, £„ > 0, 
n G N, be such that e„ \ 0, and n G N, be finite subsets of A-^ such that 

(U^n)" " ~ ■ classification theory for aperiodic automorphisms on 

the injective type IIi factor due to Connes [1], there exists a central sequence 
(Ejn) G (7r^(A)")oo in the sense of the strong topology of projections such that 

E^ + a{E„,) + ■ ■ ■ + a''-^{E,n) ^ 1 (strongly). 

By Lemma [5^ we obtain a central sequence (/m)m G ^oo in the sense of the 
norm such that f^ G A\_ and Em — T^rifm) ~^ (strongly). Then we have that 

r(l — ^^cf-' oTTrifm)) — > 0, m — > oo. Set 

3=0 

then we have Wn^igm) ~ Em{a{Em) +a^{Em) + Va^^'^{Em))Em\\2 

fe-i 

< ll(^r(,C)^/^-i?„0(E"'(^-(/^)))'^-(/™)'^'ll2 

J = l 

+ WEmiY^Wi^rifL) - Era))^rU'r.y'^h 

+ \\Em{Y.W{Em)){irArmf^~Em)h 

< 2k\\lTr{fLf'^ - Emh + fc|kr(/™) - Emh - 

and by \\Em{a{E„,) + oP-{E„,) + ••• + s''"^ (£'„))£;„ Ha ^ 0, we have that 
||7r.(5^)||2^0. 
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Define f, G C{[0,oo))l by 
fe{t) - 

and let 



{2e)-H, 0<t< 4e2, 
1 4e2 < t. 



Remark that < /m.n < /m and {fm,n)m is a central sequence in the norm 
sense for any n G N (i.e., ||[/m,n,a]|| 0, to — *■ oo, a G A). Then for any 
j = 1, 2, A; — 1 and m, n G N we have that \\fm,nOi''{fm.n)\\'^ 

— 1 1 /m./iCK"^ (/m.n) ^ || — 1 1 /m,nQ^'^ (/m.n)//?!,?! 1 1 

< ||5m -5m • fs„{gm)\\ = Hffm ' (1 - fejigm)\\ = 4- 

Since ||7i"T(5m)||2 — *■ and (/m,n)m G Aoc, for e„ > and Fn we obtain a 
sub-sequence nin G N such that 

ll/m„,n - /m„||2 < || /e„ (5m„ ) 1 1 2 
I [/m„.n; -^j II ^ ^^ni G -fn- 

Let /„ = fm„,n G (^)+. Thus {fn)n IS a central sequence in the norm sense 
which satisfies 

(/„)«(«■'■(/„))« =0, j = l,2,...,A:-l. 
fc-i fe-i 
Since t(1 — ^ o ^r(/,ri„)) — > 0, (n oo), we have t(1 — ^ (fn)) — > 0. 

This completes the proof. I 
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